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Abstract
In this note we extend the theory of precautionary saving to the case of multivariate risk. We introduce
a notion of multivariate prudence, related to a precautionary premium, and we propose a matrix-measure
to capture the strength of the precautionary saving motive. We discuss the usefulness of this measure,
in particular for comparing precautionary behavior among individuals. We also characterize the notion of
multivariate downside risk aversion as a preference for disaggregating harms across outcomes of multivariate lotteries. We show the link between this notion and the notion of multivariate prudence, we propose
a matrix-measure of its intensity, and we illustrate the usefulness of our results in a problem of social
discounting.
© 2013 Elsevier Inc. All rights reserved.
JEL classification: D81; D91; E21
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1. Introduction
It has been known since Leland [18] and Sandmo [23] that a positive third derivative of
a von Neumann–Morgenstern utility function is equivalent to a precautionary saving motive;
✩
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that is, an increase in saving in response to the presence of uncertainty surrounding future income.
Kimball [16] gave the name prudence to the sensitivity of optimal saving to risk and proposed
 (x)
the index of prudence, −v
v  (x) , as a measure of this sensitivity.
A positive third derivative of the utility function has also been shown to be equivalent to a preference for disaggregating harms across lottery outcomes known as downside risk aversion [9,20];
that is, a preference for lotteries in which a mean-zero risk is present when the level of wealth is
high rather than when the level of wealth is low. As far as the intensity is concerned, however,
 (x)
it has been common to use the index vv  (x)
to measure the strength of downside risk aversion
[4,6,13,21].
While these two measures of prudence and of downside risk aversion are tremendously useful
in many contexts, one of their drawbacks is that they can only be applied to situations in which
utility is a function of one variable (e.g. wealth). They cannot be applied, for example, to analyze
the intensity of precautionary saving in models with multidimensional risks (as in [3,7,19]), or
to analyze the intensity of preferences over multidimensional lotteries (as in [10]). Fortunately, it
will be shown in this note that Karni’s [14] generalization to a multivariate setting of the theory
of risk aversion developed by Pratt [22] and Arrow [1] can be readily extended to evaluate the
intensity of higher-order multivariate risk attitudes.
In the first part of this note we study the sensitivity of optimal saving to a multivariate risk
in a 2-period model where monetary investments at the first period may have multidimensional
consequences at the second period. We extend Kimball’s [16] analysis of prudence to a multidimensional setting. We begin by introducing a notion of multivariate prudence, which is related
to precautionary saving behavior in a multidimensional setting. As done by Kimball [16] in the
univariate setting, we highlight the isomorphism between the theory of precautionary saving and
the theory of risk aversion. Then, we propose to measure the intensity of multivariate prudence
using Karni’s [14] methods on multivariate risk aversion. We show, in particular, that applying
Karni’s matrix-measure of multivariate risk aversion to the negative of the marginal utility of
saving permits to make comparisons of the intensity of precautionary saving among individuals,
 (x)
just as Kimball’s [16] measure −v
v  (x) does in the univariate setting. Following the analysis of
Drèze and Modigliani [8] and Kimball [16] in a univariate setting, we also evaluate the strength
of the precautionary saving motive in a multivariate setting relative to the strength of multivariate
risk aversion.
We emphasize that our analysis extends and complements not only the work of Kimball [16]
but also more recent work [3,7,19] that establish conditions for precautionary saving to occur in
the context of bivariate utility functions.
The second part of this note is devoted to study a more primitive attitude towards risk that
we label multivariate downside risk aversion (MDRA). In analogy to its univariate counterpart,
we say that an individual displays MDRA if he prefers to “disaggregate harms” and to locate a
multidimensional risk to states of nature in which the level of the attributes is high rather than to
states of nature in which the level of the attributes is low. In an expected utility framework, we
show the equivalence between the notion of multivariate downside risk aversion and the notion
of multivariate prudence. As Crainich and Eeckhoudt [4] do in a univariate setting, we propose
a (matrix) measure of MDRA that is related to the amount of money necessary to compensate
for the misallocation of the risk and we analyze its usefulness. Finally, we apply our results to a
problem of social discounting analogous to Gollier [11].
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The different parts of the note follow the structure delineated in the preceding discussion.
2. Precautionary saving with multivariate risk
2.1. The setting
We consider a 2-period model. The individual derives utility from (n + 1) attributes, and
is endowed with (n + 1)-dimensional, increasing (with respect to each attribute) and concave
first and second period utility functions u and v. The first attribute is the income. Many interpretations are possible for the other variables, including a vector of market prices, non-traded
commodities (e.g. health status, environmental quality), or social attributes (e.g. health of other
members of the family, income differences with the “neighbors”). We let x0 = (x00 , . . . , x0n )
and x1 = (x10 , . . . , x1n ) denote the initial endowments of the individual in the (n + 1) attributes
respectively at the first and second period.
In the first period, the individual saves an amount s of income (hence consumes an amount
x00 − s of income). We assume that this saving may impact not only the income at the second
period but also the other attributes. We let ρ = (ρ0 , . . . , ρn ) denote the (n + 1)-dimensional
rate of return, which means that saving an amount s of income in the first period enables the
individual to get ρ0 s of income as well as ρi s of the ith attribute, for i = 1, . . . , n, at the second
period. For example, a consumer may invest current resources in improving his or her future
health (as Denuit, Eeckhoudt, and Menegatti [7] recently argued), and future health may in turn
have positive externalities on the future income. At the aggregate level, investing and therefore
consuming less also corresponds to producing less and might have a positive impact on the
environment. Similarly, investing in environmental projects leads to financial returns (as for any
project) but also to environmental improvement.
Alternatively, this setting permits to model different types of saving in exogenous proportions, e.g. a proportion of saving is devoted to “market” saving, another proportion to preventive
health care, and so on, in which case we can think of ρi as the exogenous proportional rate of
return on total saving s. In socially responsible investment, a proportion of the invested amount
might be devoted to social projects (e.g. poverty fighting), leading to an improvement of the
social responsibility feeling, and the rest of the amount might be invested in financial markets,
leading to classical financial returns. We emphasize, however, that our setting also embeds the
more traditional bivariate models of precautionary saving [3,7,10,19], in which current monetary
investments only have monetary consequences.1
We assume the following regularity and Inada conditions on the utility functions.
Condition C1.
1. Regularity: u and v are C 3 .
2. Inada2 on u: limx00 →−∞ u0 (x00 , . . . , x0n ) = ∞ and limx00 →∞ u0 (x00 , . . . , x0n ) = 0, where
(x01 , . . . , x0n ) is kept fixed.
1 In the bivariate models of Eeckhoudt et al. [10], Courbage and Rey [3] and Menegatti [19] it is assumed that ρ = 1
0
and ρ1 = 0. Denuit et al. [7] also analyze the case with ρ1 = 1 and ρ0 = 0.

2
2 We adopt the following standard notations. For a function f of (n + 1) variables, f ≡ ∂f and f ≡ ∂ f . For a
i
ij
∂xi
∂xi ∂xj
vector x in Rn+1 , we let x−i denote the vector x deprived of its ith coordinate.
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3. Uniform Inada on v: for each i such that ρi = 0, limx1i →−∞ vi (x10 , . . . , x1n ) = ∞, where
the convergence is uniform with respect to x1,−i and limx1i →∞ vi (x10 , . . . , x1n ) = 0, where
the convergence is uniform with respect to x1,−i on [k, ∞) for some3 k.
We introduce the function w ≡ ∇v · ρ. The function w represents the multivariate second
period marginal utility of saving and will reveal to be of particular importance for our analysis.
For simplicity of notation, we introduce the vector δ ≡ (1, 0, . . . , 0).
Under certainty, the consumption/saving problem is
max h(s)

(1)

s∈R

with
h(s) = u(x00 − s, x01 , . . . , x0n ) + v(x10 + ρ0 s, . . . , x1n + ρn s).
We have
h (s) = −u0 (x0 − sδ) +

n


ρi vi (x1 + sρ) = −u0 (x0 − sδ) + w(x1 + sρ).

i=0

Under Condition C1, it is easy to verify that there exists a unique s ∗ in R such that h (s ∗ ) = 0
and that s ∗ solves the consumption/saving problem (1). It is also easy to verify that the optimal
solution s ∗ is increasing in x00 ; that is to say, the optimal saving level is increasing with first period income, which is a natural property. We further impose the natural analogous condition that
the optimal solution s ∗ is decreasing in x10 , that is to say, the optimal saving level is decreasing
with second period income. It is easy to verify that this condition is equivalent to
Condition C2. The second period marginal utility of saving is decreasing in the first variable,
i.e., w0 < 0 on Rn+1 .
Consider now the case with multivariate risk. There is noise ẽ = (ẽ0 , . . . , ẽn ) affecting the
vector x1 of second period consumption, where E[ẽ] = 0. We denote by x̃1 ≡ x1 + ẽ the vector of
second period noisy consumption and by V e ≡ [σij ] with σij = cov(ẽi , ẽj ), the (n + 1) × (n + 1)
variance–covariance matrix of ẽ. The consumption/saving problem becomes
max H (s)
s∈R

(2)

with


H (s) = u(x00 − s, x01 , . . . , x0n ) + E v(x̃10 + ρ0 s, . . . , x̃1n + ρn s) .
The solution is denoted by ŝ and, under Conditions C1 and C2, it is characterized by H  (ŝ) = 0 or
equivalently u0 (x0 − ŝδ) = E[w(x̃1 + ŝρ)]. The analysis of precautionary saving in a multivariate
setting consists in comparing s ∗ and ŝ.
3 When v is interpreted as an indirect utility function where x is a wealth variable and where (x , . . . , x ) are price
10
11
1n
variables, it is natural to assume that ρi = 0, i = 1, . . . , n, and the Inada condition is then only on v0 .
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2.2. Precautionary saving, multivariate prudence and a matrix-measure of multivariate
prudence
In the spirit of Kimball [16], we propose a definition of prudence in the multivariate setting
which is directly related to precautionary saving behavior.
Definition 1. An individual with utility functions (u, v) satisfying Conditions C1 and C2 is
multivariate prudent – in the direction of ρ – if any additional multivariate risk ẽ generates
precautionary saving for all initial endowments, i.e. ŝ  s ∗ for all (x0 , x1 ).
In Kimball [16], the precautionary premium ψ is defined by E[v  (θ0 + θ̃ )] = v  (θ0 − ψ),
where v denotes the univariate second period utility function. The precautionary premium then
corresponds to the certain reduction of second period income that has the same upward effect
on the optimal level of first period saving as the introduction of the additional risk. In the same
spirit, we define the precautionary premium ψ(x, ẽ, w) in the multivariate setting as follows






(3)
E w(x̃) = w x − ψ(x, ẽ, w)δ ≡ ∇v · ρ x0 − ψ(x, ẽ, w), x1 , . . . , xn .
We shall confine the discussion to the case where the expectation on the left-hand side of (3)
is finite. The existence and uniqueness of ψ then follows from the fact that w is continuous and
decreasing. The individual is multivariate prudent in the sense of Definition 1 if and only if the
premium ψ is nonnegative.
Notice that our precautionary premium, as defined by Definition 1, corresponds to the multivariate risk premium defined4 by Karni [14], replacing the (indirect) utility function v by the
negative of the multivariate marginal utility of saving −w ≡ −∇v · ρ. This means that the analogy between the theory of precautionary saving and the theory of risk aversion, highlighted by
Kimball [16] in the univariate setting, extends to the multivariate setting in the following way:
in the univariate (multivariate) setting, the negative of marginal utility, −v  (of marginal utility of saving, −w ≡ −∇v · ρ), plays substantially the same role for precautionary saving that
the univariate (multivariate) utility function itself v plays for risk aversion. This analogy being
obtained, we can apply Karni’s [14] methods and results about multivariate risk aversion in order to analyze precautionary saving in a multivariate setting. We first propose as a measure of
v
(local) multivariate prudence Karni’s [14] matrix-measure of (local) risk aversion, Av ≡ [− vij0 ],
replacing v by −w.
w

Definition 2. The matrix-measure of multivariate prudence is defined by P w ≡ [− wij0 ].
By Taylor expansions of the functions on both sides of (3), we obtain the following local
property.
Proposition 1. A local approximation of the precautionary premium can be expressed as
 
w (x)
ψ(x, ẽ, w) ≈ − 12 ni=0 nj=0 wij0 (x) σij or equivalently ψ(x, ẽ, w) ≈ 12 tr[V e P w (x)].
4 For an individual with a utility function v and initial endowment x, Karni [14] defines the risk premium Π(x, ẽ, v)
as the certain reduction of income (first attribute) that has the same effect on utility as the introduction of a multivariate
risk ẽ, i.e. such that E[v(x̃)] = v(x0 − Π(x, ẽ, v), . . . , xn ).
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The diagonal elements of P w , − wjj0 , capture the precautionary premium per unit of variance σjj , when each risk is taken in isolation; the first diagonal element of P w , − ww000 , can be
interpreted as a measure of “own prudence” while each of the other diagonal elements of P w ,
w
w
− wjj0 , can be interpreted as measures of “cross-prudence” [10]. The off-diagonal elements, − wij0 ,
can be interpreted as the excess precautionary premium per unit of covariance; they capture the
distaste for positive dependence between two risks, which the individual compensates with extra
saving.
Proposition 2. The following conditions are equivalent:
1. The marginal utility of saving function w is convex.
2. The precautionary premium is nonnegative, i.e. ψ(x, ẽ, w)  0, for all (x, ẽ).
3. The matrix-measure of multivariate prudence P w (x) is positive semidefinite for all x.
Proof. The proof follows the lines of the proof of Theorem 1 in Karni [14] replacing the (indirect) utility function v by the negative of the marginal utility of saving, −w, and using the fact
that w is decreasing in its first variable (Condition C2). 2
The property that the multivariate precautionary premium is nonnegative if and only if our
matrix-measure of multivariate prudence is positive semidefinite is important.5 However, possibly more important is to establish if our matrix-measure of multivariate prudence can be used for
comparing the intensity of precautionary savings among individuals.
2.3. Comparative multivariate prudence
Kimball [16] established that in the presence of a unidimensional risk, Agent A will require
a larger precautionary premium than Agent B if and only if his index of prudence is larger, i.e.,
v 
v 
− vA  − vB .
A

B

In our multivariate setting, Agent A, with utility function vA , will be said more prudent than
Agent B, with utility function vB , if ψ(x, ẽ, wA )  ψ(x, ẽ, wB ) for all (x, ẽ), where wA ≡
∇vA · ρ and wB ≡ ∇vB · ρ.
Since w is continuous and monotone in the first variable, we may define the (x1 , . . . , xn )inverse of w, w −1 (·, x1 , . . . , xn ), as follows: w(x0 , x1 , . . . , xn ) = y ⇔ w −1 (y, x1 , . . . , xn ) = x0 .
We obtain the following characterization of the fact that Agent A is more prudent than Agent B.
Proposition 3. The following three conditions are equivalent:
1. Agent A is more prudent than Agent B, i.e., ψ(x, ẽ, wA )  ψ(x, ẽ, wB ) for all (x, ẽ).
2. The function ϕ(y, x1 , . . . , xn ) ≡ wA [wB−1 (y, x1 , . . . , xn ), x1 , . . . , xn ] is convex in (y, x1 ,
. . . , xn ).
3. The matrix R(x) ≡ [P wA − P wB ](x) is positive semidefinite for all x.
5 The set of utility functions that satisfy the conditions in Proposition 2 includes the class of power functions of the
n
α

form v(x0 , x1 , . . . , xn ) = −x0 0 . . . xnα with αi  0 and the class of exponential functions of the form v(x0 , . . . , xn ) =
− exp(α0 x0 + · · · + αn xn ) with αi  0.
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Proof. The proof follows the lines of the proof of Theorem 3 in Karni [14] replacing the (indirect) utility function v by the negative of the marginal utility of saving, −w. 2
We conclude that the intensity of the precautionary saving motive in a multivariate setting is
unambiguously captured by our matrix-measure of multivariate prudence P w , for both small and
large multidimensional risks.6
2.4. The Drèze–Modigliani substitution effect in a multivariate setting
In the classical setting of precautionary saving with a univariate risk, Drèze and Modigliani [8]
established the presence of a positive substitution effect, i.e. that under decreasing absolute risk
aversion, the individual will find it optimal to save more than the compensation necessary to be
indifferent to the presence of the risk. Kimball [16] interpreted this positive substitution effect as
“a simple consequence of the fact that absolute prudence is greater than absolute risk aversion
when absolute risk aversion is decreasing”. In the next, we analyze to which extent this result
pertains in a multivariate setting.
We may measure the impact of a shift in the direction of ρ by considering the function
Π ρ defined by Π ρ (x, ẽ, v, s) ≡ Π(x + sρ, ẽ, v), where Π(x, ẽ, v) is the risk premium, as defined7 by Karni [14]. We will say that the risk premium is decreasing in the direction of ρ if
∂
ρ
∂s Π (x, ẽ, v, s) < 0. This concept corresponds to the concept of endogenously decreasing risk
aversion of Drèze and Modigliani [8]. By definition, we have




(4)
E v(x̃ + sρ) = v x0 + ρ0 s − Π ρ (x, ẽ, v, s), x1 + ρ1 s, . . . , xn + ρn s .
Differentiating this expression with respect to s, we easily obtain that the risk premium is
decreasing in the direction of ρ if and only if we have




E w(x̃) > w x0 − Π(x, ẽ, v), x1 , . . . , xn .
By definition, this inequality becomes an equality when replacing Π(x, ẽ, v) by the equivalent
precautionary premium ψ(x, ẽ, v). Given the concavity of v in x0 , we obtain the following result.
Proposition 4. The following conditions are equivalent:
1. The risk premium is decreasing (resp. nonincreasing8 ) in the direction of ρ.
2. The precautionary premium is larger than (resp. larger than or equal) the risk premium.
−w
−v
3. The matrix K(x) ≡ [P w − Av ](x), with P w ≡ [ w0ij ] and Av ≡ [ v0ij ], is positive definite
(resp. semidefinite) for all x.
Proof. The equivalence of 1. and 2. follows from the discussion above. To show the equiv∂ v,ρ
alence of 3. and 1. notice that the matrix P w can be written as P w = Av + [ ∂s
A (0)] wv00

∂ v,ρ
where Av,ρ (s) ≡ A(x + sρ). Therefore, [P w − Av ] = [ ∂s
A (0)] wv00 . Note that Av,ρ = Av

ρ,s

6 To illustrate, v (x , . . . , x ) = − exp(γ α x + · · · + γ α x ), with α  0 and γ  1, is more multivariate prudent
n
n n
A 0
i
0 0
than vB (x0 , . . . , xn ) = − exp(α0 x1 + · · · + αn xn ).
7 See Footnote 3.
8 The concept of nonincreasing risk premium is the natural extension of the previously defined concept of decreasing
risk premium.
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where v ρ,s (x) ≡ v(x + sρ). Given w0 < 0, [P w − Av ] is positive definite if and only if
ρ,s
∂ ρ,v
[ ∂s
A (0)] is positive definite or equivalently if and only if Av − Av is negative definite
for all s > 0. Following Karni [14] this means that v ρ,s is less risk averse than v or equivalently
that Π(x, ẽ, v ρ,s ) < Π(x, ẽ, v). It suffices to remark that Π(x, ẽ, v ρ,s ) = Π((x + sρ), ẽ, v) to
see that the condition Π(x, ẽ, v ρ,s ) < Π(x, ẽ, v) for all s > 0 is equivalent to the decrease of
Π(x, ẽ, v) in the direction of ρ. 2
In other words, multivariate prudence is stronger than multivariate risk aversion. Of course,
if the risk premium is increasing (resp. constant), then the precautionary premium is smaller
than (resp. equal to) the risk premium.9 This result can be seen as a natural extension to the
multidimensional setting of the results of Drèze and Modigliani [8] and Kimball [16] on the
substitution effect.
3. Multivariate downside risk aversion
3.1. Precautionary saving and endogenous harm disaggregation
In the context of a single-attribute utility function, precautionary saving has been linked with
a preference towards disaggregation of harms known as downside risk aversion [20]. Downside
risk aversion is defined by Eeckhoudt and Schlesinger [9] as follows: given a certain reduction
in wealth −k and a mean-zero random variable ẽ, an individual is downside risk averse if he
prefers the lottery [x − k; x + ẽ] to the lottery [x; x − k + ẽ], where the outcomes occur with
equal probability. In other words, the individual perceives the harms ẽ and −k as ‘mutually
aggravating’ [17]. In an expected utility framework, downside risk aversion is equivalent to a
positive third derivative of the utility function.
Eeckhoudt et al. [10] extended these ideas to a bivariate setting by defining the concept
of cross-prudence. Given two attributes, say wealth x0 and health x1 , an individual is said
cross-prudent (in wealth) if he prefers the lottery [x0 − k, x1 ; x0 , x1 + ẽ] to the lottery [x0 , x1 ;
x0 − k, x1 + ẽ]. In an expected utility framework, cross-prudence is equivalent to the marginal
utility of wealth being convex in health.
To extend these ideas to a framework with general multivariate risks, and to relate them to our
previously introduced notion of multivariate prudence, we propose the following definition.
Definition 3. An individual displays Multivariate Downside Risk Aversion (MDRA) – in the
direction of ρ – if for all k ∈ R∗+ , for all x ∈ Rn+1 and all multivariate risk ẽ,
[x − kρ; x̃]

[x; x̃ − kρ]

where, in each lottery, the outcomes have equal probability and x̃ ≡ x + ẽ.
As in the univariate or bivariate settings, the intuition for this definition is that an individual
prefers to locate a harm in the form of a multivariate risk to states of nature in which the value
of the attributes is relatively high. When all but one of the attributes are held constant in all
states of nature, our definition corresponds to the univariate concept of downside risk aversion.
9 For example, the exponential utility function v(x , . . . , x ) = − exp(α x + · · · + α x ), with α  0, exhibits a
n
n n
i
0
0 0
constant risk premium.
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When there is a single mean-zero risk in a given attribute, a single certain reduction in a different
attribute, and all other attributes are held constant, our definition corresponds to Eeckhoudt et al.’s
[10] concept of cross-prudence.
In the expected utility framework, an individual, endowed with a vNM utility function v of
class C 2 displays MDRA (in the direction of ρ) if the following condition holds
 1

1 
1 
1
v(x − kρ) + E v(x̃) > v(x) + E v(x̃ − kρ) for all (x, k, ẽ).
2
2
2
2
The following proposition establishes the condition for preferences to display MDRA.
Proposition 5. In an expected utility framework, an individual, endowed with a utility function v
of class C 2 , displays MDRA (in the direction of ρ) if and only if the function w ≡ ∇v · ρ is
convex.
Proof. For the first implication, we have E[v(x̃)] − E[v(x̃ − kρ)] > v(x) − v(x − kρ). Since
k ∈ R∗+ can be made arbitrarily small, we get E[w(x̃)] > w(x). By Jensen’s inequality, this
implies that w is convex.
Let us prove the reverse implication. By Jensen’s inequality, we have E[w(z̃)] > w(z) for
all random variable z̃ such that E[z̃] = z. This implies that for all h > 0, E[w(x̃ − hρ)] >
k
k
w(x − hρ), hence for all k > 0, 0 E[w(x̃ − hρ)] dh > 0 w(x − hρ) dh. We then get E[v(x̃)] −
E[v(x̃ − kρ)] > v(x) − v(x − kρ), which implies that the individual displays MDRA. 2
Now recall that convexity of the marginal utility of saving w in X is also a necessary and
sufficient condition for multivariate prudence (Proposition 2). Being multivariate downside risk
averse in the direction of ρ is equivalent to being multivariate prudent in the sense of the previous
section. Therefore, our definition of MDRA is equivalent to a positive precautionary savings
motive.
3.2. The intensity of MDRA
Despite the equivalence between multivariate prudence and MDRA, their intensity need not
be measured in the same way.10 To evaluate the intensity of MDRA we consider, as Crainich
and Eeckhoudt [4] do in a univariate framework, the certain amount of income θ (x, ẽ, v, k) that
compensates for the difference in expected utility, i.e., such that
 1

1 
1 
1
v(x − kρ) + E v(x̃) = v(x + θ δ) + E v(x̃ − kρ) .
2
2
2
2
A second order approximation of both sides of (5) yields
1 
1 
vij (x)σij ≈ v(x + θ δ) +
vij (x − kρ)σij .
2
2
n

v(x) +

n

i=0 j =0

n

n

i=0 j =0

Using a first order approximation for small k and small θ , we get
10 This has been emphasized in the univariate framework by a number of authors [4,6,13,21].

(5)
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k  e v 
(6)
tr V D (x) ,
2
w
where D v denotes the matrix D v ≡ [ vij0 ].
D v is our proposed matrix-measure of local MDRA. We have D v = (− wv00 )P w . The following
proposition establishes a global property of D v relative to θ .
θ (x, ẽ, v, k) ≈

Proposition 6. The following conditions are equivalent.
1. The compensating amount is nonnegative, θ (x, ẽ, v, k)  0 for all (x, ẽ, k).
2. The matrix D v (x) is positive semidefinite for all x.
Proof. Since v is nondecreasing, the amount θ (x, ẽ, v, k) is nonnegative if and only if v displays
MDRA. By Proposition 2, we know that it is equivalent to the convexity of w. The function w is
convex if and only if the matrix [wij ] is positive semidefinite. Since v0 > 0, this is equivalent to
D v positive semidefinite. 2
A natural question that arises then is: can we compare the MDRA attitude of two agents as
we did with the measure of multivariate prudence? To answer this question we begin with the
following definition.
Definition 4. Agent A, with utility function vA , is said more multivariate downside risk averse
than Agent B, with utility function vB , when θ (x, ẽ, vA , k)  θ (x, ẽ, vB , k) for all (x, ẽ, k).
We obtain the following local result,11
Proposition 7. In the case of small risks, θ (x, ẽ, vA , k)  θ (x, ẽ, vB , k) for all (x, ẽ, k) if and
only if the matrix [D vA − D vB ](x) is positive semidefinite for all x.
Proof. Suppose first that the matrix [D vA − D vB ](x) is positive semidefinite. In the case of
small risks, we have θ (x, ẽ, vA , k) − θ (x, ẽ, vB , k) ≈ k2 tr[V e (D vA − D vB )(x)]. Suppose now
that θ (x, ẽ, vA , k)  θ (x, ẽ, vB , k). We then have
 
k   vA
tr V D − D vB (x)  0
2
for all positive semidefinite symmetric matrix V . Consider for a given vector U , the matrix
V ≡ U U t , then U t (D vA − D vB )U = tr[U t (D vA − D vB )U ] = tr[V (D vA − D vB )]  0, hence
[D vA − D vB ](x) is positive semidefinite. 2
4. An application
We conclude our analysis with a simple model of social discounting which permits to establish
a closer connection between the proposed measures of MDRA and of multivariate prudence.12
11 Unfortunately, we have not been able to establish a global condition linking θ(x, ẽ, v , k) and θ(x, ẽ, v , k) with the
A
B
matrix [D vA − D vB ](x) for all risks. This, however, is not very surprising given the difficulty in finding global conditions
in the univariate case (e.g. [15]).
12 Crainich and Eeckhoudt [4] perform a similar analysis in the context of the classical problem of social discounting
with a single variable.
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Suppose that there are two dates and that the welfare of the representative consumer is
characterized by a discounted intertemporal expected utility function H (x0 , x̃1 ) = u(x0 ) +
E[e−λ v(x̃1 )], where λ captures the pure rate of time preference.13 Following Gollier [11], one
can define n social discount rates, one for each good. We will focus on good 0, which, as before, represents the income. To define the social discount rate imagine a marginal project that
decreases current income by a sure (small) amount ε and increases income at date 1 by εer . Implementing this project is socially efficient if the net trade-off is positive. This rule can be written
as r  r̂ ≡ λ − ln E[v0 (x̃1 )/u0 (x0 )]. This threshold r̂ is called social discount rate (for good 0).
For expositional clarity we will focus on the case v = u and x1 = x0 = x.
Clearly, the introduction of a multidimensional risk makes the social discount rate lower if
social preferences display multivariate prudence or, equivalently, MDRA. To have a sense of the
intensity of these attitudes, we can ask two related questions. First, what is the certain reduction
in second period income that has the same impact on the social discount rate as the introduction
of the multidimensional risk, that is, what is the amount κ such that E[v0 (x̃)] = v0 (x − κδ)?
Clearly, such amount equals the equivalent precautionary premium, i.e. κ = Ψ (x, ẽ, v0 ). As we
have seen in Section 2, for small risks we have Ψ (x, ẽ, v0 ) ≈ 12 tr[V e P v0 (x)]. Alternatively, we
can ask: what is the reduction in the rate of time preference, say λ, that has the same impact
on the social discount rate as the introduction of the multidimensional risk (i.e. such that r̂ =
λ − λ + ln[v0 (x1 )/v0 (x0 )])? For small risks the answer is λ ≈ 12 tr[V e D v (x)] = θ (x, ẽ, v).
In other words, the social discount rate in an economy with uncertain endowments x̃1 and a
rate of time preference λ is the same as the discount rate in an economy with certain endowments
x − Ψ (x, ẽ, v0 )δ and a rate of time preference λ, and it is also the same as the discount rate in
an economy with certain endowments x and a rate of time preference λ − θ (x, ẽ, v). The matrixmeasures P v0 and D v capture, respectively, the magnitude of the equivalent compensations.
More generally, let us now consider a marginal project that decreases current income by a
sure small amount ε and increases future consumption by εer ρ (e.g. an investment in a clean
technology which potentially increases future income, environmental quality, and health). The
minimum threshold that the rate of return r must exceed for the project to be socially efficient is
then given by r̂ = λ − ln(E[w(x̃)]/v0 (x)). The certain reduction in date 1 income κ that has the
same impact on the interest rate as the introduction of the multidimensional risk is then such that
E[w(x̃)] = w(x − κδ) and κ again corresponds to the equivalent precautionary income premium,
i.e. κ = Ψ (x, ẽ, w). On the other hand, the reduction in the rate of time preference that has the
same impact on the social discount rate as the introduction of the multidimensional risk is given
]−1 . Note that vw(x)
measures the marginal impact of ρ in monetary
by λ = θ (x, ẽ, v)[ vw(x)
0 (x)
0 (x)
14
units. Therefore, if we normalize this impact to equal one unit of income, as is commonly done
= 1 and λ = θ (x, ẽ, v).
in cost-benefit analyses, we have that vw(x)
0 (x)
5. Conclusion
The theory of precautionary saving and the measurement of the strength of the precautionary saving motive have been topics of extensive research. In a review of the literature Carroll
13 Our analysis is closely related to that of Gollier [11], who evaluated the problem of social discounting in a framework
where the representative consumer has a utility function defined over two attributes, income/consumption and environmental quality, which evolve stochastically over time.
14 That is, w(x) = n ρ vi (x) , where vi (x) is the relative price of attribute i.
i=0 i v (x)
v (x)
v (x)
0

0

0
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and Kimball [2] conclude that “The qualitative and quantitative aspects of the theory of precautionary behavior are now well established”. Although this is certainly the case in the context
of a single-attribute utility function and a single source of risk much less is known about precautionary behavior in the presence of a multidimensional risk. The objective of this paper has
been to start filling this gap in the literature. We derived a matrix-measure of multivariate prudence and we showed that, in the presence of a multidimensional risk, this measure is useful
for comparing precautionary behavior among individuals and for comparing the strength of precautionary saving relative to the strength of risk aversion (i.e. the Drèze–Modigliani substitution
effect).
Extending the work of Eeckhoudt and Schlesinger [9] and Eeckhoudt et al. [10], we also
showed that precautionary saving behavior in the presence of a multidimensional risk is closely
related with a preference towards lotteries in which a multidimensional risk is present when the
level of the attributes is low rather than when the level of the attributes is high. We proposed
an alternative measure that captures the strength of such a preference and we presented an application showing that both of our measures may be useful for evaluating different aspects of
economic phenomena.
Our results open the way for empirical tests of multivariate attitudes towards risk. The precautionary premium can be measured by comparing optimal saving levels with and without noise.
Once the precautionary premium is observed for different structures of noise, the prudence matrix
can be determined through Proposition 1. Finally, bootstrap methods can be used to determine
if the prudence matrix is positive semidefinite (e.g. [12]) in order to determine which categories
of agents exhibit prudence (Proposition 2). An experimental setting along the lines of Deck and
Shlesinger [5] would provide a complementary approach to test for the presence of MDRA or
equivalently multivariate prudence (Proposition 5).
References
[1] K.J. Arrow, Essays in the Theory of Risk Bearing, Markham, Chicago, 1971.
[2] C. Carroll, M. Kimball, Precautionary saving and precautionary wealth, in: S.N. Durlauf, L.E. Blume (Eds.),
The New Palgrave Dictionary of Economics, second ed., Palgrave Macmillan, 2008.
[3] C. Courbage, B. Rey, Precautionary saving in the presence of other risks, Econ. Theory 32 (2007) 417–424.
[4] D. Crainich, L. Eeckhoudt, On the intensity of downside risk aversion, J. Risk Uncertainty 36 (2008) 267–276.
[5] C. Deck, H. Schlesinger, Exploring higher-order risk preferences, Rev. Econ. Stud. 77 (2010) 1403–1420.
[6] M. Denuit, L. Eeckhoudt, Stronger measures of higher-order risk attitudes, J. Econ. Theory 145 (2010) 2027–2036.
[7] M. Denuit, L. Eeckhoudt, M. Menegatti, Correlated risks, bivariate utility and optimal choices, Econ. Theory 46
(2011) 39–54.
[8] J. Drèze, F. Modigliani, Consumption decisions under uncertainty, J. Econ. Theory 5 (1972) 308–335.
[9] L. Eeckhoudt, H. Schlesinger, Putting risk in its proper place, Amer. Econ. Rev. 96 (2006) 280–289.
[10] L. Eeckhoudt, B. Rey, H. Schlesinger, A good sign for multivariate risk taking, Manage. Sci. 53 (2007) 117–
124.
[11] C. Gollier, Ecological discounting, J. Econ. Theory 145 (2010) 812–829.
[12] W. Härdle, W. Hildenbrand, M. Jerison, Empirical evidence on the law of demand, Econometrica 59 (1991) 1525–
1549.
[13] P. Jindapon, W.S. Neilson, Higher-order generalizations of Arrow–Pratt and Ross risk aversion: A comparative
statics approach, J. Econ. Theory 136 (2007) 719–728.
[14] E. Karni, On multivariate risk aversion, Econometrica 47 (1979) 1391–1401.
[15] D. Keenan, A. Snow, Greater downside risk aversion in the large, J. Econ. Theory 144 (2009) 1092–1101.
[16] M. Kimball, Precautionary saving in the small and in the large, Econometrica 58 (1990) 58–73.
[17] M. Kimball, Standard risk aversion, Econometrica 61 (1993) 589–611.
[18] H.E. Leland, Saving and uncertainty: The precautionary demand for saving, Quart. J. Econ. 82 (1968) 465–
473.

E. Jouini et al. / Journal of Economic Theory 148 (2013) 1255–1267

[19]
[20]
[21]
[22]
[23]

1267

M. Menegatti, Precautionary saving in the presence of other risks: A comment, Econ. Theory 39 (2009) 473–476.
C. Menezes, C. Geiss, J. Tressler, Increasing downside risk, Amer. Econ. Rev. 70 (1980) 921–932.
S. Modica, M. Scarsini, A note on comparative downside risk aversion, J. Econ. Theory 122 (2005) 267–271.
J.W. Pratt, Risk aversion in the small and in the large, Econometrica 32 (1964) 122–136.
A. Sandmo, The effect of uncertainty on saving decisions, Rev. Econ. Stud. 37 (1970) 353–360.

